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A necessary and sufficient condition for the stabilizability of semigroups which
are similav to contractions is given in terms of thn approximate controllability
of the infinite dimensional system % = Ax + Bu.
b * ;
‘ ) 1. INTRODUCTION AND PRELIMINARY a bounded linear operetor K mapping H inio ‘ii such
o‘" SIS that the feedback system & = (A + BEX) x has an
1! ¢ letHand I! be Hilbert spaces. Let A be the asymptotically stable (in some sense) soluticn, for
i J.nfm-tesvm.l generator of a C ( strongly any jnitial condition?
: L.t - e i 2
o el continuous) semigroup T(E) over L For finite dimensional linear autonomous systens,
i o 7! G (od e, easurab . . s e
—( D b e ] B RRGeC AL Tl 1:: Vorham [11] has shown that (A,E) is stabilizadble if
t -yal: S C .
- - o - L e n.nr‘tlcn ACTEE R OHu(O)“ Hes and only if the unsteble rodes are controllable.
c.\ _: ) T e g SR ty L(tl) = Extensions of the above condition to infinite
¢7§ ,;: 2(ty). Let Z; = £50 BCkl SECR Ds B ke dimension have racently been studied by rany
2o tor mappi . .. . i e K 3 .
bou.n_r... RPERECEEMGPEG By <HEG t S A S authors ([7], [0], [12], [13])). One of tle rain
1, pp. 204-205 +) in Z e o < ; - :
that [i, pp 0. 205], for eny u(.) in 7u’ o difficulties apparently arises from the fact that,
Sistiecs SEhuE LG in infinite dimensional spaces, many _r:a_.-—"l{_:":_'_‘:
= for * B . topologies can be defined, and consequently, the
x(0) = x_ given in H i notions of stability, stabilizability and
controllability can be extended in varicus senses
interpreted as
i i sane definitions:
vy € D(A*) and a.e. in t, Ve begin with same definitions:
g—f (x(t),y) = (x(t), Aty) + (Bu(t),y) Definitions 1.1
f et s (1.2) 5 i
s i (1) A C, semigroup T(t) over a Hilbert space H is
¥z ¢ By xlt)s2) = (x,52) aa t = (¢ . Uni{om..y stable if ||T()]| » Cast » + =
3 has a unique solution given by (U.5.)
.y = ; + Tt & 3 i .
x(t) = T(t) %, fo ANESENE N . Strongly stable if ¥x ¢ H, ||T(t)x||+0 as
Furthermore, this solution (often called "mild"
t + + = (8.5.)
soluqc.m in the htemt\n\f) is -..:trongly COX"AIJJ.&U'.)‘JJ, ¢ Weakly stable, if vx ¢ H, T(t)x = 0 (weakly)
as easily seen. The stabilizability problem is: ot o+t GLe. S
Under which conditions on A and B, does there exist
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(ii) The system (1.1), or equivalently, the pair
(A,B) is uniformly, strongly, or weakly
stabilizable, if there exists a bounded operator K
mapping H into Hi’ such that A + BK generates a
uniformly, strongly or weakly stable seilgroup S(t),
respectively.

Immediate relations follow from these definitions.
We will state same of them without proof:

*T(t) is uniformly stable if and only if there exist
an M > 1 and w > 0 such that vt ||T(t)]] < Mt
For a proof, see [4]. This is why the uniform
stability is often called uniforn exponential

stability or simply exponential stability.
<If dim H < @,(U.S.) <=> (S.S.) <=> (W.S.)
+In general, we only have

(U.S.) => (8.5.) => (W.S.)
As far as controllability is concerned, the number
of non-equivalent definitions found in the
literature is much larger and not useful for this
An excellient classification of
Je shall

need only the notion of long tern aoproximate

paper's results.
these noticns can be found in Dolecki [5].

reachatility of th: second crder, in Dolecki's

tenminology, commenly known as (epproximate)

controllability, as follows:

Definition 1.2
Considar the system (1.1), where A generates a C
semigroup T(r) over a Hilbert space H and B is a
linear bounded operator mapping another Hilbert
space H; into H. The set C of x in H, for which
given any € > 0, there exist a t > 0 and u(+) in
L,[(0,t); Hi] such that

1R% -ft T(t - 0) Bulo)do|| <€ .w)
is calleg the set of (approximately) controllable

If C = H, the system is approximately
Sce (.].].

states.
controllable,

lemma 1.1

With the above notations, C is a closed subspace and

can be characterized bv

C= v Range [T(t)B] (1.5)
t>0
It follows that
¢t = a N[BFTEDD. (1.6)

>0
where N(:) defiotes the null-space.

Clresp. c') is called the (approximitely)

controllable (resp. uncontrollable) subspace,
SONLTD A Suapace,

Proof:
See (1, pp. 207-210]

Slemrod [7, Theorem 3.5] has shown that if A
generates a C_ contraction semigroup T(t) over a
Hilbert space H and B is a linear bounded trans-
formation rapping a Hilbert space Hi into H, the
semigroup generated by A - BE¥ is weakly stable
proviced

(i) A has a compact resolvent (note that for some
reason this condition is stated in terms of A® in
[7], although of course the two are equivalent)
(ii) (A,B) is (approximately) controllable.

In his proof, he uses the "LaSalle invariance
principle". We shall show (Theorem 4.1) that the
assumption (i) is superfluous (and in fact is
sufficient to yield strong stability) and (ii) can
be weakene& to (iii) the weakly unstable states
are (approximately) controllzble, which actuaily
tums out to be a necessary condition. Moreover,
our technigues are simpler and more directly
semigroup theoretic, relying on a fundamental
deconposition of contraction semigroups, based on
results of Sz. Nagy - Foias [3] and S. R. Foguel
[6]. Furthermore, we shall show that this result
applies not only to contraction semigroups but to
the wider class of semigroups which are sirdilar to

contractions.

2. CANONICAL DECOMPCSITION FCR
CONTRACTION SEMIGROUFS

One of the main difficulties in the study of the
asymptotic behavior of infinite dimensional
systems is that the spectrum of the infinitesimal
generator A gives little information on the
growth of the semigroup gererated, as opposed to
the finite dimensional case. Therefore the nctions
of stable and unstable states, easily defined in
tenms of eigensubspaces, in the finite dimensional
case, are in general, impossible to determine in
infinite dimensions. Hawever, for contraction
semigroups (and semigroups which are similar to
contractions), it is possible to overcare this

— | | J



difficulty, by means of additicnal considerations,
as we shall see. The main tool is a canonical
decamposition of contraction semigroups, based on
results of Sz. Nagy - Foias [9] and Foguel [6].
After some definitions and notations, we will state
the theorem.

Definition 2.1:

Let H be a Hilbert space, and V be a bounded
operator in H., We say that a subspace K reduces V
if and only if

VK € K and V*K ¢ K (2.1)
Definition 2.2:

A bounded operator V in H is
(i) Unitary if
ViV = VV* = T
(ii) Completely non unitary (c.n.u.) if there exists

no subspace other than {0} reducing V to a unitary
operator.

Reirark:

It follows from (2.1) that both K and K' reduce V
and V#,

Definition 2,3:

Let T(t) be a C, wiformly bounded semigroup over a
Hilbert space H. The closed subspace W(T) =

{x € H, T(t)x —~ 0 (weakly) as t » + «} is called
the weakly stable subspace of H.

let T(t) b2 a Cj contraction semigroup over a
Hilbert space H. Then H can be decamposed into
three orthogonal subspaces H cnu(T)’ Wu(T) and W(T)‘L,
all mducing T(t) and T*(t) such that:
(T) ® W, (T) W(T), with the above notation.
W, ('r) ® W(T) = H () vhere,
(i) H (3 = H (T*) is the laryest subspace of
H, reducmg T(t) to a unitary group, and
can be characterized as
H(T) = 1{1'(’?)‘, vhere K (T) = H (T) o D(A).
(ii) W(T) = W(T*)
(iii) -On Hmu(T), T(t) is completely non-
unitary and weakly stable.
*On ¥ (T), T(t) is unitary and weakly stable,
*On W(T) , T(t) is unitary and VX ¢ Wt ’

T(t)x 40 and T*(t)x -0, as t + + =,

Proof:
The proof is based on two decorposition results:
= H (D © H, (T (Sz. Nagy-Foias, [8])
H=WT) ® WDt (Foguel), [61)
For a detailed proof, see Eenchimol, [3].
The above theorem motivates the following definition:

Definition 2.h:

Let T(t) be a Cj contraction semigroup over a
Hilbert space H. With the notaticn of Def. 2.3,
WY = WT#)t is called the weakly unstable sub-
space and elements of W' are called the weakly
unstable states. {

3. STUDY OF SEMIGROUPS WHICH ARE
SIMILAR TO CONTRACTIONS

We recall that two bounded operators C and C are
similar if there ex_LsLs a bounded operuto*‘ Q, mth
bounded inverse Q sa:h that C = Q C2Q So,

if the semigroup T(t) is similar to the contraction
Tl(t) tnen there exists a P such that T (t) =
PI()P™Y, and H'I‘l(t)H <3

Remark 3.1:

We can always assume without loss of generality
that P is self adjoint pesitive definite. Indeed,
if there exists a Q such that T,(t) = QI(DIQ™"
such that ||T (]| <1, then

vx| [Qr(t)Q” XII < IIXII = >VYHQI'(t)YH < ol
<=> Vyller(t)yII < oyl |2

<=> vy, (Q*QT(t)y, T(t)y) < (@5 Qy,y)

<> vy, [l nwyll? < @ %1 ;
If we take P = (Q*Q)Y/2, then

vy, (lercoyl|? = Harcyll? < Hell? = )l
=> v, | [PRCR x| < |1l

= [|pror | <1 QE.D.

Remark 3.2:

A semigroup T(t) is similar to a contraction
semigroup if and only if, there exists in H, a
new inner product L ,']1 inducing a new norm

Helly = By 1/ , equivalent to the original one,
such that ||T(t)[|l < 1.

This condition follows irmediately from the above
remark, in view of the fact that twe inner products




[.’.]l and (.’-

Hilbert space if and only if there exists a self

) induce eguivalent topologies in a

adjoint positive definite operator P such that
[x,y]l = (Px,Py)
So, a semigroup which is similar to a contraction,

X, yeH

is actually a contraction semigroup expressed in
another basis, and the change of basis is y = Px,
where P is self adjoint positive definite. Since
the topological properties are left invariant by
such a P, it seems natural to define the weakly

stable and unstable subspaces as follows:

Definition 3.1:

If T(t) = P (P, where ||T (]| <1 and P is
self adjoint positive definite,

P(W(Tl)) is called the weakly stable subspace of
T(t), P(W(Tl)l)_is called the weakly unstable
subspace of T(t).

Theorem 3.1:

The above definition makes sense, i.e., is
independent of the similarity operator P.

Furthermore,
%P(h‘(; )) = WET)

P(W(T ) ) = W(T=* )
Proof:

i) P@W(Ty)) = Ply € H; T(t)y-0ast->+v°}
={x ¢ H; T(t)° x..0a9t++°°}
-{x:H“Tl(t)“ i oast~+ o}
={x € H; T(t)x ~ 0 as t » + »} = W(T)

ii) PGHCTDY) = {x e Hj (p‘lx 2) = 0, z ¢ W(T,))
= {x € Hy (,P~ z)-O zew(T)},
since P~ e g is self adjoint

[p‘l(wcr NIt

Ny e H T§(t)y - 0 as t +} 3t
since U(T y= W(T5

{lel,T (t)PxADast*""”}
{x;H P]'I‘(t)Px..Oast**“’)
w(re)t Q.E.D.

Therefore, we have at our disposal an intrinsic

definition as an alternative to Def. 3.1:
Definition 3.2:
If the semigpoup T(t) is similar to a contraction

semigroup , using the notations of Def. 2.3,
W(T) is the weakly stable subspace

WeD)*Y is the weakly unstable subspace.

4, NECESSARY AND SUFFICIENT CONDITION
FOR WEAK STABILZABILITY OF
SEMIGROUPS WHICH ARE SIMILAR TO

CONTRACTICNS:

In order to prove the main theorem of this section,

we need scome perturbaticn lemmas:
Lemna b.1:

Let A be the infinitesimal operator of a C_ semi-
group T(t) in a Hilbert space H, and D be a
bounded operator in H. Then A + D generates a C
semigroup S(t) in H. Furthermore,

(i) If A and D are self adjoint, so is S(t), for
any t > 0.

(ii) If A and D are dissipative, S(t) is a
contraction semigroup.

(iii)If A has a compact resolvent, so does A + D.
(iv)If T(t) is compact, for any t > 0, so is S(t).

Proof':

See [1, pp. 220-225]
Lemma 4.2 5
Let K be any bounded operator mapping a Hilbert
Let S(t) denote the swmigroup
generated by A + BK. Then vt > 0, B*I%(t)x = 0
if and only if vt > 0, B*S*(t)x = 0. (The
(approximately) controllable subspace of (A,B)
coincides with the one of (A + BX, B)).

space Hi into H.

Proof:

Follows inmediately from the identities
SH(tx = THDx + [ | TH(E - )KEBISH(0)xdo(.1)
and -
T*(t)x

St(t)x - [T st(t - OIKEBETH(G)xdo(4. 2)
0
Theorem 4.1:

let A be the infinitesimal generator of a CJ
semigroup T(t) in a Hilbert space H. Assume that
T(t) is similar to a contraction semigroup. lLet
B be a bounded operator mapping another Hilbert
space H; into H, Then, the system X = Ax + Bu is
weakly stabilizable if and only if the "weakly
unstable states" of T(t) are (approximately)
controllable, and a stabilizing feedback is

K = - B*P, where P is the similarity operator, as




in Section 3.
Proof :

Let C be the controllable subspace of (A,B), as
defined above. Let W(T*)* be the weakly unstable
subspace of T(t), as defined in Section 3. Then
the theorem can be expressed as (A,B) is weakly
stabilizable <=> W(T*)' ¢ € <=>C* < W(T#)

(i) Necessity

Suppose there exists a bounded operator K such that
A + BK generates a weakly stable semigroup S(t).
Then, let x e Ct. By definition of Cl, we have
vt > 0 B*T*(t)x = 0. Therefore, from (4.2), we
get vy e H,(T*(t)x,y) = (S*(tix,y) = (x,S(t)y) - 0
as t + + =, by assumption. Therefore T#(t)x .0
(weakly) as t » + » => x ¢ W(T*). So c' c W(T*)
Q.E.D.

(ii) Sufficiency

Assure C' c W(T*). We will first prove the
sufficiency when T(t) is a contraction semigroup
and show that the general case can be reduced to
that one.

a) T(t) is a contraction semigroup:

let K = - B* b2 the feedback gain. Then - BB* is
obviously a bounded dissipative operator, and by

(ii) of Lemma 4.1, A - B3* generates a contraction
semigroup S(t). Then, applying the Theorem 2.1 to
S(t), we obtain a dzcamposition of H into two
orthogonal subspaces Hu(S), reducing S(t) to a
unitary group, and chu(S), reducing S(t) to a
c.n.u. semnigroup, such that

VX € .‘icnu(s), S(t)x - 0 (weakly) as t » + o,
Therefore, it only remains to prove that S(t) is
weakly stable on ”u(S)' Define Ku(S) as in
Theoren 2.1, Then, for any x in Ku(S) < D(A) we
have
vt > 0,5 [[s#0x % (A% - BInSHR,SH ()0 +
(S%#(t)x, (A% - BB*)S*(t)x) - 0.
Since A* and - BB* are dissipative, the above
eqguation implies that

vt > 0 BAS*(t)x = 0.
But, by lemma 4.2 this implies that vt B*T#(t)x = 0
or equivalently x e ¢, So

x e K (S) =>xe ¢ (4.3)
But by assurption C* < W(T*), Therefore
x ¢ K,(S) => x e WT*)., (4.4)

Using (4.2) and (4.3), we get:

vt > 0, vx € Ku(s), SH(t)x = TH(t)x.

Since T#(t)x - 0 (weakly) as t + + ®, by (4.4), so
does S*(t)x, and so does S(t)x, because W(S) =
W(S*), by (ii) of Theorem 2.1. Therefore,

¥X € Ku(S), S(t)x - 0 (weakly) as t + + @, Since
Ku(S) is dense in Hu(S) (Theorem 2.1), and
jistt)] <1, then, for any x in H (5), S(t)x - 0
(weakly) as t + + @, by the triangular inequality.
This completes the proof.

b) T(t) is similar to a contraction semigroup

As in Remark 3.2, we shall interpret T(t) as a
contraction semigroup in Hl, obtained by renorming
H, with the equivalent inner product [-,*]; defined
by [x,y]l = (Px,Py) for any x and y. (P is defined
in Section 3).

Next, the controllable states of (A,B) in H and in
H) are the same since the closure of Ly RIT(t)B]
in H and H; are equal because of the equivalence
of the two topologies. Noticing t'at the weakly
wstable states of (A,B) also remain invariant

in the renorming of the space, we can now &pply
the preceding result to conclude that the semi-
group S(t) generated by A - pat (where 81- is the
adjoint of B in Hl) is a weakly stable contraction
semigroup in Hl. It is therefore weakly stable

in H, and we can easily see that its generator is
A - BB*P, since B' is equal to B*P in H. Note
that S(t) in H, is also similar to a contraction,
and the similarity operator is the same as that of
T(t).

Corollary 4.1:

If A has a compact resolvent, the conditions of

Theorem 4,1 are necessary and sufficient for the
strong stabilizability of (A,B). In particular

A - BB*P generates a strongly stable semigroup.

Proof':

(i) Necessity: Follows from the fact that strong
stability => weak stability.

(ii) Sufficiency: From (iii) of lemma 4.2, A - BB*P
has a conpact resolvent R(A, A - BB*P) and
generates a wniformly bounded semigroup S(t), which
is weakly stable by Thecrem 4,1, let )Lo be a

point in the resolvent set of A - BB*P. '"Then, for
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any X in D(A), tiere exist a y in H such that x =
R(AA = B3*Py.
Then S(t)x = SCOR(A, A - BB#P)y
= R(Ao, A - BB*?)S(t)y

SinceVy ¢ H,S(t)y— 0 (weakly) as t + + «, and
since R(Ao, A - BB*P) is ccmpact

VxeD(A) S(t)x +0ast » + o,
Since D(A) is dense in H, and |[|S(t)|| <M,

Vx c¢H, S(t)x »0as t++® Q.E.D.

Corollary 4.2.

If A generates a compact semigroup, the conditions
of Theorem 4.1 are necessary and sufficient for
the exponential stabilizability of (A,B). In
particular, A - BB*P generates an exponentially
stable semigroup.

Proof:

Necessity as before.

Sufficiency follows from the fact that for a
compact semigroup “oak Stability => Exponential
Stebility. See [4].
consequence of the sufficient condition proven in
[10l.

This corollary is also a

Remark 4.1

In Corolliary 4.2, the assurption that T(t) is
to a contraction can be weakened to the
The

reason is that a wnifermly boundsd compact semi-

similar

asswmption that T(t) is uniformly bounded.

group happens tc be similar te a contraction.

The proof in [2] is an extension to the continucus
a proof given by Sz. Nagy [8], for uniformly
For additional

conceining semigrou; s which are not

case of
bounded
results

powers of corpact oparators.

similar to contractions, see [2].
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